It has been proposed recently that, in the framework of M(atrix) theory, N = 8 supersymmetric U (N ) Yang-Mills theory in 1+1 dimensions (SYM 1+1 ) gives rise to type IIA long string configurations. We point out that the quantum moduli space of SYM 1+1 gives rise to two quantum numbers, which fit very well into the M(atrix) theory. The two quantum numbers become familiar if one switches to a IIB picture, where they represent configurations of D-strings and fundamental strings. We argue that, due to the SL(2, Z) symmetry, of the IIB theory, such quantum numbers must represent configurations that are present also in the IIA framework.
Introduction
It has recently been proposed [1, 2, 3] , in the framework of M(atrix) theory [4] , that IIA string theory in the light cone can be identified with the two dimensional N = 8 supersymmetric U(N) Yang-Mills theory (SYM 1+1 ) in the N → ∞ limit. This IIA theory contains not only the ordinary string configurations, but also new non-trivial string configurations, the 'long strings' [5] , which naturally arise from the SYM moduli space. To stress the distinction with the usual type IIA string theory, at times we refer to the latter theory as the 'enlarged IIA theory'.
In this paper we point out that the 'quantum moduli space' of a SYM 1+1 theory is characterized by a couple of quantum numbers (m, n) that fit very nicely in the framework of the compactified M(atrix) theory and explain not only the 'long strings' but also other topological configurations that are traditionally not present in a IIA picture. The latter become more natural if, by a T-duality operation, we switch to a IIB picture. In a IIB context the two quantum numbers correspond to configurations of D-strings and elementary strings and it is, of course, natural for all of them to feature in the theory, due to the SL(2, Z) symmetry of the latter. Thus, to the extent that M(atrix) theory is an exact description of M theory, we must supplement IIA theory not only with long strings, but also with additional topological configurations (which will be described below).
In this regard we can also add another remark. The 'long string' configurations in [1, 2, 3] were included in the spectrum as they represent the twisted sectors of the SYM 1+1 orbifold moduli space, as is usual in ordinary string orbifold constructions in order to guarantee modular invariance. The results of this paper, briefly stated above, show that the role of 'modular invariance' for the enlarged IIA theory is played by the SL(2, Z) symmetry of the IIB theory.
The paper is organized as follows. In the next section we use well-known results on Yang-Mills theories in 1+1 dimensions, to give an explicit representation of the 'quantum moduli space' for these theories, as anticipated above. In section 3, we apply this notion to the M(atrix) framework. Section 4 is devoted to some comments.
SYM Theory on a Cylinder
In this section we use well-known results on Yang-Mills theory in 1+1 dimensions, and reformulate its moduli space in a way which is suitable to the present context. Let us consider a theory, with gauge group G = U(N), defined on a circle of circumference L = 2πR and suitably rescaled so that the pure Yang-Mills part becomes
where g Y M is the gauge coupling constant.
The theory (16) admit the boundary conditions
where φ is any of the matrix-fields involved and U is a constant matrix in U(N). We first notice that if U is in the center of the gauge group, then the boundary condition (2) corresponds to periodicity. Otherwise, a generic U corresponds to a theory over a noncompact space, unless U k ∈ U(1) -which without loss of generality can be reduced to U k = 1 -for some minimal k. We are not interested in the generic case, while our attention will concentrate on the latter case which corresponds to a gauge theory defined (i.e. with periodic boundary conditions) on a k-th covering of the circle, that is a circle of radius kR. We conventionally refer to this circle as a 'large circle' when k > 1, as opposed to the original 'small circle' of radius R. This splits the theory into different sectors, which, from the point of view of the gauge fixing, can be treated separately. In each sector the allowed gauge transformations are the periodic ones on the corresponding large circle. Any U satisfying U k = 1 for some finite k belongs to some finite discrete subgroups of U(N), but, in the following, we restrict ourselves to those U that belong to the Weyl group S N (the permutation group of N objects) of U(N). * And to avoid any confusion we denote the elements of S N by g, instead of U. Each distinct sector is specified, in this case, by a conjugacy class of S N , denoted as [g] . We recall that a conjugacy class [g] of S N corresponds to a partition of N into 'cycles'. It is a theorem of finite group theory that the order k of [g] is the least common multiple of the degrees of the cycles contained in the partition.
We recall that, in each sector, we have periodic boundary conditions over the appropriate large circle, and the gauge fixing can therefore be carried out as in [6, 7, 8] . One first solves the holonomy equation (∂ 1 − A 1 )V = 0 and, by means of the solution V , constructs a gauge transformation that maps A 1 (t, σ) to a σ-independent potential; then, by means of another σ-independent gauge transformation one brings A 1 to the diagonal form. This entails also A 0 = 0. In summary †
In this gauge, the electric field is given by
and, since the Faddeev-Popov determinant for gauge fixing (3) is trivial, the action (1) reduces to
It is an open question whether U 's not belonging to S N may generate interesting physical configurations like the 'long strings' of the following section.
† In fact, the gauge fixing also implies that, if A 0 (t, σ) ij = n a n (t) ij e 2πinσ/L , then a n (t) ij can be nonvanishing in some particular cases. In any case the a n (t) ij 's appear in the action as Lagrange multipliers that impose conditions which are irrelevant in this paper.
It is easy to see that the gauge fixed configurations have in general a residual gauge symmetry Z N :
This amounts to restricting the β k 's to be living on the torus T N . In addition to (6), (3) has another residual gauge symmetry. In every sector we can go back from the 'large circle' to the 'small circle' where the theory is originally formulated. In so doing we must switch on again the boundary conditions (2) . It is easy to see what the allowed boundary conditions and residual gauge transformations in each sector are. The boundary condition
together with A 1 being diagonal, implies that, since g is in S N , the only operation it performs is to permute the β k eigenvalues among themselves. In relation to the given g, the set of β k 's will split uniquely into cycles within each of which g acts irreducibly while the cycles are not permuted. Then, as a consequence of (7) and the σ-independence of A 1 , the β k 's in each cycle must all be equal. Now, in any sector, the residual gauge symmetry is S N , since acting with any h ∈ S N on A 1 , will preserve (7) with g replaced by hgh † , i.e. will preserve the sector. The above conclusion is tantamount to saying that the moduli space of the gauge degrees of freedom of the theory (16) is the orbifold
where G N is the semidirect product of S N and Z N . What we had said so far accounts for the second of the two integers announced in the introduction. The first one comes from quantization. We recall that the β k 's live on T N . Therefore the canonical momenta π k conjugate to the β k are quantized,
and the energy from the pure gauge sector is
This is the so-called non-compact quantization [8] , as opposed to the compact one [9] in which one directly quantizes the Wilson loops. In the compact quantization the characters χ R of the irreducible representations R of U(N) form a basis of the Hilbert space of gauge invariant functions. The corresponding energy is given by
where
is the quadratic Casimir for the representation R specified by a Young tableau with f i boxes in the i th row. Comparing the energies in the two quantizations we see that they agree up to the second term in the RHS of (12), which is generated by the curvature of the group manifold. Therefore we can make the identification
Later on we will use (13) to understand the physical meaning of (33). The analysis of the moduli space, carried out in this section, is strictly valid for pure Yang-Mills. The addition of matter may modify its structure. However this will not happens for the N = 8 supersymmetric theories we will consider in the following section.
In summary, with some abuse of language, we can say that the 'quantum moduli space' of (1) splits into subsectors, each of which is characterized by two integers (m, n), where n denotes the degree or length of a cycle in a given partition of N, and m represents the common eigenvalue of the π k contained in that cycle. As we will see in the next section, these subsectors admit different stringy interpretations in different theories.
IIB versus IIA
According to the original proposal of [4] , M theory in the infinite momentum frame is described by the U(N) supersymmetric quantum mechanics SYM 1+0 in the limit N → ∞
R 11 is the radius of the original longitudinal circle on which M theory is compactified. For finite N, the SYM 1+0 describes the low energy effective dynamics (at short distances and low velocities) [10] for a system of N D0 branes with string coupling g s = (R 11 /l p ) 3/2 and is a partial description of the compactified M theory, i.e. 10 dimensional IIA string theory. The total longitudinal momentum is given by p 11 = N/R 11 . The limit N → ∞ takes one to the infinite momentum frame. It was argued that all relevant velocities vanish in the same limit; this together with a conjectured nonrenormalization theorem for the v 4 term in the effective action for D0 brane justifies the use of (14) as an exact nonperturbative formulation for M theory in the infinite momentum frame. Toroidal compactification of (14) for finite N has been carried out in details in [11] and a two dimensional SYM model was obtained. For our purpose, we repeat this procedure in the Appendix and get the following two dimensional N = 8 SYM 1+1 on a cylinder 0 ≤ σ ≤ 2π,
The fields X i , i = 1, · · · , 8 transform in the vector representation 8 v of SO (8), while the the two spinors θ α L , θα R , α,α = 1, · · · , 8 transform in the representations 8 s , 8 c and have opposite chirality. All the fields are N × N hermitian matrices. The coupling g Y M depends on the parameters R 9 and R 11 and this dependence can be modified by means of field redefinitions. Later, we will use this fact to study the different stringy interpretations of (15) .
M theory compactified on a circle is supposed to give 10 dimensional nonperturbative IIA string theory. Given the BFSS formulation for M theory, one can get a nonperturbative formulation for IIA string theory by studying the compactification of (14) . The prescription of sect. 9 of [4] and [11] is to take the large N limit of the SYM (15) resulting from the compactification of (14) . To this purpose, [3] obtained the following supersymmetric U(N) Yang-Mills theory (SYM 1+1 ) as an nonperturbative formulation for IIA string theory,
In (16), the radius R 11 is understood and N is considered in the limit N → ∞. The identification with type IIA string theory in [3] is made via the flip R 9 ↔ R 11 so that the string coupling g s is related to R 9 by
The action (16) is not the only possible representation of (15) we want to discuss. In particular, we consider the following identifications of g Y M admitting stringy interpretations:
We now explain what we mean by A D , A F etc.. First of all, as long as N is finite, we interpret (15) as representing a 9-dimensional theory. According to the current M(atrix) theory interpretation, upon taking the limit N → ∞, we are supposed to recover 10 dimensional theories. We will comment on this point at the end of the paper. Throughout this section we keep N large but finite. The most obvious interpretation comes from the very construction of the D0-brane theory of BFSS: (15) represents a theory of D0-branes with string coupling g s = R 11 /l s compactified on a circle of radius R 9 in the 9 th direction. Let us call it A D . Flipping the 9 th and 11 th dimensions, we obtain a new version of the theory, which we refer to as A F . A suitable action for this theory is (16) . This theory, in the N → ∞ limit, has been interpreted in [3] as a theory of IIA strings, see also [1, 2] . On the other hand, starting from A D and performing a T-duality operation in the 9 th direction we get a theory of type IIB D-strings, [4, 11] . For finite N, we recall that (15) was obtained by compactifying 10 dimensional D0 dynamics on a circle of radius R 9 , so by T-duality, (15) represents a collection of N D-strings stretched in the 9 th direction [12] on a circle of radius 1/R 9 , with the string coupling
We have chosen the YM coupling (20)
for this case, so that the free string limit corresponds to strongly coupled SYM. We refer to this interpretation as B D . If we now make the 9 ↔ 11 flip, as above, we invert the string coupling, i.e. we do an S-duality operation, therefore it is natural to think that we end up in this way with a type IIB theory in which fundamental strings replace D-strings and vice versa. For this reason we call it B F . Finally it is to be expected that a T-duality operation in the 9 th direction will map B F back to A F . In sum we have the diagram
where vertical arrows represent the 9-11 flip, while the horizontal ones represent the T-duality operation. A similar diagram has appeared in [3] . (15) with the specifications (18-21) provides a suitable description for all these cases. The stringy interpretation of the SYM model (15) is clearer by going to the strong g Y M limit. This limit corresponds to strongly coupled gauge dynamics and is governed by an IR fixed point theory. In this limit, the fields X and θ become diagonal and for this reason, a stringy interpretation is apparent. In (18-21), we have arranged the g Y M so that they correspond to a free string picture in each cases. It was argued in [13, 3] that there is a nontrivial identification by the symmetric group S N and the IR theory is the N = 8 supersymmetric sigma model conformal field theory
with the orbifold target space
The two spinors θ L and θ R have opposite SO(8) chirality, which is the chirality setting for IIA strings in the light cone gauge. This fact was used by [1, 2, 3] to identify the untwisted sector of the orbifold field theory with N IIA strings in the light cone gauge, while twisted sectors give IIA strings of different lengths. The above interpretations are rather natural; however, as we have already pointed out, when talking about type IIA or IIB, we do not refer simply to the old type IIA and IIB string theories, but to enlarged theories which contain the old string theories as a particular subsector. The rich structure of these theories come directly from the analysis of the SYM model, underlying all of them, which we have done in the last section. In general all four theories split into subsectors labeled by two integers (m, n). They come either from the quantization of the boundary conditions (the cycles of the previous section) or from the quantization of the gauge potential degrees of freedom (the common value of a cycle of π k 's which are all identical). In this regard we notice that the energy of the latter (10) is infinite in the free string limit. It is understood that we are using this limit only to identify the various distinct physical configurations.
Let us first see how the IIA picture emerges in our framework, i.e. from properties of the gauge field moduli space. To this end, we simply go back to the results of the previous section. Consider a sector of the U(N) gauge theory characterized by some definite twisted boundary condition on the gauge fixed configuration (3) for A µ ,
where g is a representative of a non-trivial conjugacy class in S N . This induces the following twisted boundary condition on X i mn ,
We have already noticed that, since (3) is independent of σ, (27) implies
The physical meaning of this sector is evident in the free string limit, (28) gives
These are long string configurations. To be more specific, consider a particular sector of the gauge theory specified by the conjugacy class
We are going to have π i m 1 = π i m 2 = · · · π i m k , k = 1, · · · , s, i = 1, · · · , N k (32) which gives rise to a set of N k strings ‡ of length 2πk, k = 1, · · · , s. Intuitively, we can think of the process of 'screwing' strings as follows. A generic point in the gauge theory moduli space has π k all different. This corresponds to N strings with different electric flux circulating the strings. Due to conservation of electric flux, two strings with different flux cannot join. However, corresponding to the point (32) in the moduli space for which a number of strings have the same flux living on it, they can combine with each other and give rise to long strings. ‡ When we talk about strings, we always refer to free string limit.
What we have said so far about the A F theory is not complete. The 'quantum moduli space' of SYM 1+1 is characterized by another quantum number, the common value of the π k in a given cycle, which has already appeared in (32) above without interpretation. We recall that the trace of the electric flux is usually interpreted as a D0-brane charge, [4, 14, 15] . To see more clearly the relation of theses D0-branes with the long strings, it is convenient to switch to a IIB picture. So we do a T-duality on A D and land on B D . In a IIB picture we expect D-strings, elementary strings and bound states of them, with integral charges (q e , q m ). We show now the SYM gauge moduli space has a natural interpretation in terms of these charges. To see this, it is enough to look at a particular subsector of the gauge theory, for example, a cycle of length n with an 'electric flux', π 1 = π 2 = · · · = π n = m, m ≥ 0.
(33)
This corresponds to a long string of length 2πn in the A F picture, and according to T-duality, should corresponds to a certain D-string configuration. We can identify (33) with a IIB string of type (m, n). To see this, we first rescale the long string back to standard world sheet dimension. Since the total mass of the string is not changed, the tension will get increased by a factor of n. This can be identified with the tension of a D-string carrying RR-charge n [16] ,
There is another effect of this rescaling. The configuration (33) and the fact that we were originally on a 'large circle' gives
It is not hard to see that rescaling the world sheet of YM back to normal length 2π will introduce a shrinking factor of n 2 . Thus we have
for the energy associated to the gauge theory excitation (33). We can now use (13) to spell out the representation content of (36), it corresponds to a representation R with
Thus the configuration (33) corresponds, in the language of [17] , to inserting at infinity quarks in the m-fold symmetric representation of U(n), and represents m fundamental IIB strings. Therefore a long string of length 2πn, together with the electric flux (33) can be mapped to a collection of n D-string together with m fundamental string, i.e. a IIB (m, n) string according to [17] . Thus one can take the two dimensional U(N) SYM (15) as describing a collection of (m, n) IIB strings, with n ≤ N, stretched in the 9 th direction of radius 1/R 9 . The large N limit will restore the full spectrum required by the SL(2, Z) symmetry of IIB string theory. Stability of (m, n) strings requires m, n to be relatively prime, but this cannot be seen solely from the properties of pure gauge sector and is related to the detailed properties of the full supersymmetric system, [17] .
Let us now switch back to A F . Since fundamental strings in B D are mapped to D0-branes in A F , we see that an (m, n) sector of SYM corresponds to m D0-branes attached to a long string of length 2nπ.
Let us now comment on the inclusion of all the twisted sectors in the IIA strings interpretation [1, 2, 3] . It is common in string orbifold construction to include twisted sectors in the orbifold Hilbert space. Precisely which twisted sectors have to be included depends on the physical problem. For ordinary string orbifolds, modular invariance requires the inclusion of all the twisted sectors. Now, let us go back to our SYM. We just saw that the 'long strings configurations' can be identified with IIB (m, n) strings. It is clear that from the requirement of SL(2, Z) symmetry of type IIB theory, we should include all of them, i.e. in B D we should include all the (m, n) subsectors. This also entails that the same sectors should be present on the IIA. In other words the SL(2, Z) symmetry of type IIB theory plays the role of modular invariance of ordinary string orbifolds in SYM 1+1 of M(atrix) theory compactifications.
Finally, we comment briefly on B F . We pass from B D to it via a 9-11 flip, which corresponds to an S-duality operation. Therefore D-strings are mapped to fundamental strings and vice versa and we have the opposite assignment of the quantum numbers n and m, with respect to above. In other words, the original IIA long strings of A F have become now the fundamental strings in B F and are assigned the quantum number n. This is of course consistent, since the relation between B F and A F is a T-duality operation, which leaves unchanged the D-or F-character of the string configurations.
Discussions
Throughout this paper we have kept N, R 9 and R 11 finite. We have interpreted SYM as an approximate description of 9-dimensional theories, in particular (15) with (20) as an effective description of D-strings. This theory was originally used by Witten, [17] , as an effective description of coincident IIB D-strings to study bounded state problems. Given the M/IIB duality of Schwarz [18] , one can think of it as a partial description of M theory compactified on a torus with radii R 9 , R 11 .
We have seen above that we can recover the full IIB (and consequently also the IIA) spectrum by taking N → ∞. Therefore a discussion of this limit is unavoidable. The best we can say is that in the framework of M(atrix) theory, the issue of large N limit seems far from being well established. On the one hand we can take the original attitude of [4] and say that (14) in the N → ∞ and R 11 → ∞ limit represents 11-dimensional M theory. On the other hand, we can think of taking the N → ∞ limit, while keeping R 11 finite and ask ourselves whether this corresponds to any sensible theory (in 10D). We do not have a decisive argument to choose this second attitude. However, if we consider further compactification on a circle of radius R 9 , as in the last section, given the nice interpretations of SYM presented there, which agree very well with the notions we have about type IIA and type IIB theories in 9-dimensions, we are oriented to assume that the N → ∞ limits of the theories (15) represent enlarged IIA and IIB theories in 9 dimensions. This seems somehow to imply that (14) represents in the large N limit M theory compactified on a circle.
Assuming this, (15) , which was an effective description for 9D theory, becomes in the large N limit an exact description of M theory compactified on a torus. Thus, the two dimensional SYM provides a unified description of both IIA and IIB. Let us comment about this possibility. According to Schwarz, the M theory membrane can wrap on a torus in different ways and give rises to the various IIB (m, n) strings. To recover 10 dimensional IIB, one should let R 9 , R 11 → 0, with g B = R 11 /R 9 fixed. The choice (20) of g Y M in (15) is appropriate for this case. On the other hand we can take R 11 → ∞ and consider M theory compactified on a circle, which must coincide with IIA. This corresponds to the choice (19) made in [3] , which is suitable for this purpose, since R 11 does not appear in (16) .
Note that X i now has dimension (length) 1/2 . To get back to the canonical dimension zero for the X i and the world sheet coordinate σ, we can rescale X i → √ αX i , σ → ασ, where α has the dimension of a length , and get
(α/R 9 ) is dimensionless and (41) is valid in any unit. Using (41), one can construct the corresponding SYM action, with a coupling depending on α. The choice of α = l p was made in [3] . One can also consider other choices of α. This is done in the text.
